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Chapter 

3 

In the history of mathematics two names are 

prominent to share the credit for inventing 

calculus, Issac Newton (1642-1727) and G.W. 

Leibinitz (1646-1717). Both of them 

independently invented calculus around the 

seventeenth century. After the advent of 

calculus many mathematicians contributed for 

further development of calculus. The rigorous 

concept is mainly attributed to the great 

mathematicians, A.L. Cauchy, J.L., Lagrange 

and Karl Weierstrass.  

Before 1900, it was thought that calculus is 

quite difficult to teach. So calculus became 

beyond the reach of youngsters. But just in 

1900, John Perry and others in England started 

propagating the view that essential ideas and 

methods of calculus were simple and could be 

taught even in schools. F.L. Griffin, pioneered 

the teaching of calculus to first year students. 

This was regarded as one of the most daring 

act in those days. 

Today not only the mathematics but many 

other subjects such as Physics, Chemistry, 

Economics and Biological Sciences are 

enjoying the fruits of calculus. 

    

 

Issac Newton 
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 Introduction. 

 The rate of change of one quantity with respect to some another quantity has a great 

importance. For example, the rate of change of displacement of a particle with respect to time is 

called its velocity and the rate of change of velocity is called its acceleration.  

 The rate of change of a quantity ‘y’ with respect to another quantity ‘x’ is called the 

derivative or differential coefficient of y with respect to x.  

 3.1 Derivative at a Point. 

 The derivative of a function at a point ax   is defined by 
h

afhaf
af

h

)()(
lim)(

0





 (provided the 

limit exists and is finite)  

 The above definition of derivative is also called derivative by first principle. 

 (1) Geometrical meaning of derivatives at a point: Consider the curve )(xfy  . Let )(xf  be 

differentiable at .cx   Let ))(,( cfcP  be a point on the curve and ))(,( xfxQ  be a neighbouring point 

on the curve. Then,  

Slope of the chord .
)()(

cx

cfxf
PQ




  Taking limit as PQ  , i.e., ,cx   

 we get 
cx

cfxf
PQ

cxPQ 






)()(
lim) chord of the (slopelim   ……(i)  

 As PQ  , chord PQ becomes tangent at P.  

 Therefore from (i), we have  

 Slope of the tangent at P = 
cx

cx dx

xdf

cx

cfxf
















 )()()(
lim . 

 Note  :  Thus, the derivatives of a function at a point cx   is the slope of the tangent to 

curve, )(xfy   at point )).(,( cfc  

 (2) Physical interpretation at a point : Let a particle moves in a straight line OX starting 

from O towards X. Clearly, the position of the particle at any instant would depend upon the 

time elapsed. In other words, the distance of the particle from O will be some function f of time 

t.  

 

f(x) – 

f(c) 

Q[x, 

f(x)] 

x – 

c 

[c, 
f(c)]P 

y 

x 0 

 

 

P Q 
X O t = t0 + 

h 
t = t0 
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 Let at any time 0tt  , the particle be at P and after a further time h, it is at Q so that OP = 

)( 0tf  and )( 0 htfOQ  . Hence, the average speed of the particle during the journey from P to Q is 

h

PQ
, i.e., ),(

)()(
0

00 htf
h

tfhtf



. Taking the limit of ),( 0 htf  as 0h , we get its instantaneous 

speed to be 
h

tfhtf

h

)()(
lim 00

0




, which is simply )( 0tf  . Thus, if )(tf  gives the distance of a moving 

particle at time t, then the derivative of f at 0tt   represents the instantaneous speed of the 

particle at the point P, i.e., at time 0tt  . 

 

Important Tips 

 
dx

dy
 is )(y

dx

d
 in which 

dx

d
 is simply a symbol of operation and not ‘d’ divided by dx. 

 If ,)0(  xf  the function is said to have an infinite derivative at the point x0. In this case the line tangent to the 

curve of y = f(x) at the point x0 is perpendicular to the x-axis 

 

Example: 1 If ,4)2( f  ,1)2( f  then 




 2

)(2)2(
lim

2 x

xfxf

x
 [Rajasthan PET 1995, 2000]  

 (a) 1 (b) 2 (c) 3 (d) – 2 

Solution: (b) Given 1)2(,4)2(  ff  

  









 2

)(2)2(2)2(2)2(
lim

2

)(2)2(
lim

22 x

xfffxf

x

xfxf

xx 2

)2(2)(2
lim

2

)2()2(
lim

22 








 x

fxf

x

fx

xx
  

                                = 
2

)2()(
lim2)2(

2 




 x

fxf
f

x
 = 224)1(24)2(2)2(  ff  

 Trick : Applying L-Hospital rule, we get 2
1

)2(2)2(
lim

2






ff

x
.  

 

Example: 2 If )().()( yfxfyxf   for all x and y and ,2)5( f  ,3)0( f  then )5(f   will be 

[IIT 1981; Karnataka CET 2000; UPSEAT 2002; MP PET 2002; AIEEE 2002] 

 (a) 2 (b) 4 (c) 6 (d) 8 

Solution: (c) Let 0,5  yx   )0().5()05( fff    

  )0()5()5( fff    1)0( f  

 Therefore, 
h

fhf
f

h

)5()5(
lim)5(

0





 = 







 




 h

hf

h

fhff

hh

1)(
2lim

)5()()5(
lim

00
  }2)5({ f  

 = 632)0(2
)0()(

lim2
0








 


f

h

fhf

h
. 

Example: 3 If ,4)(,1)(,2)(,3)(  agagafaf  then 
ax

xfagafxg

ax 





)()()()(
lim =   [MP PET 1997]  

 (a) – 5 (b) 10 (c) – 10 (d) 5 
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130 Differentiation 

Solution: (b) 
ax

xfagafxg

ax 





)()()()(
lim . We add and subtract )()( afag in numerator 

 = 
ax

xfagafagafagafxg

ax 





)()()()()()()()(
lim  = 


























 ax

afxf
ag

ax

agxg
af

axax

)()(
)(lim

)()(
)(lim  

 = 

























 ax

afxf
ag

ax

agxg
af

axax

)()(
lim)(

)()(
lim)(  = )(')()(')( afagagaf        [by using first principle formula]   

 = 3.4 – (–1)(–2)   = 12 – 2 = 10 

 Trick : 
ax

xfagafxg

ax 





)()()()(
lim   

 Using L–Hospital’s rule, Limit = 
1

)(')()()('
lim

xfagafxg

ax




;  

 Limit = )(')()()(' afagafag  = )2)(1()3)(4(   = 12 – 2 = 10.  

Example: 4 If 2
1

3)(5 







 x

x
fxf  and )(xxfy   then 

1










xdx

dy
 is equal to  

 (a) 14 (b) 
8

7
 (c) 1 (d) None of these 

Solution: (b) 2
1

3)(5 







 x

x
fxf    ......(i) 

 Replacing x by 
x

1
 in (i),  2

1
)(3

1
5 









x
xf

x
f  ......(ii) 

 On solving equation (i) and (ii), we get,  4
3

5)(16 
x

xxf ,   
2

3
5)(16

x
xf   

  )(xxfy    )()( xfxxf
dx

dy
 = )

3
5(

16

1
.)4

3
5(

16

1
2x

x
x

x   

 at ,1x )35(
16

1
)435(

16

1


dx

dy
 = 

8

7
. 

 

 3.2 Some Standard Differentiation. 

 (1) Differentiation of algebraic functions  

 (i) 0,,,1   xRnRxnxx
dx

d nn  (ii)  
x

x
dx

d

2

1
)(    (iii)  

1

1










nn x

n

xdx

d
 

 (2) Differentiation of trigonometric functions : The following formulae can be applied 

directly while differentiating trigonometric functions 

 (i) xx
dx

d
cossin     (ii) xx

dx

d
sincos    (iii)  xx

dx

d 2sectan   

 (iv) xxx
dx

d
tansecsec     (v) xxx

dx

d
cotcoseccosec   (vi) xx

dx

d 2coseccot   

 (3) Differentiation of logarithmic and exponential functions : The following formulae can 

be applied directly when differentiating logarithmic and exponential functions  

 (i) 
x

x
dx

d 1
log  , for x > 0  (ii)  xx ee

dx

d
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 (iii) aaa
dx

d xx log , for a > 0  (iv) 
ax

x
dx

d
a

log

1
log  , for x > 0, a> 0, a  1 

 (4) Differentiation of inverse trigonometrical functions : The following formulae can be 

applied directly while differentiating inverse trigonometrical functions  

 (i) 
2

1

1

1
sin

x
x

dx

d


 , for 11  x   (ii)  

2

1

1

1
cos

x
x

dx

d




 , for 11  x  

 (iii) 
1||

1
sec

2

1




xx
x

dx

d
, for 1|| x   (iv) 

1||

1
cosec

2

1






xx
x

dx

d
, for 

1|| x  

 (v)  
2

1

1

1
tan

x
x

dx

d


 , for Rx    (vi)  

2

1

1

1
cot

x
x

dx

d




 , for Rx   

 (5) Differentiation of hyperbolic functions : 

 (i) xhxh
dx

d
cossin      (ii)  xhxh

dx

d
sincos   

 (iii) xhxh
dx

d 2sectan      (iv) xhxh
dx

d 2coseccot   

 (v) xhxhxh
dx

d
tansecsec     (vi) xhxhxh

dx

d
cotcoseccosec   

 (vii) )1(/1sin 21 xxh
dx

d
    (viii) )1(/1cos 21  xxh

dx

d
 

 (ix) )1/(1tan 21  xxh
dx

d
   (x) )1/(1cot 21 xxh

dx

d
  

 (xi) )1(/1sec 21 xxxh
dx

d
    (xii) )1(/1cosec 21 xxxh

dx

d
  

(6) Differentiation by inverse trigonometrical substitution: For trigonometrical 

substitutions following formulae and substitution should be remembered 

(i) 2/cossin 11   xx       (ii) 2/cottan 11   xx   

(iii) 2/secsec 11   xcox       (iv) 




   22111 11sinsinsin xyyxyx  

(v) 




   )1)(1(coscoscos 22111 yxxyyx   (vi) 







 
 

xy

yx
yx

1
tantantan 111  

(vii) )12(sinsin2 211 xxx        (viii) )12(coscos2 211   xx  

(ix) 




















 

2

1

2

11

1

2
sin

1

2
tantan2

x

x

x

x
x 

















 

2

2
1

1

1
cos

x

x
 

(x) )43(sinsin3 311 xxx        (xi) )34(coscos3 311 xxx      

(xii) 

















 

2

3
11

31

3
tantan3

x

xx
x      (xiii) 












 

zxyzxy

xyzzyx
zyx

1
tantantantan 1111  
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(xiv) xx 11 sin)(sin         (xv) xx 11 cos)(cos       

(xvi) xx 11 tan)(tan    or x1tan      (xvii) 











 

x

x
x

1

1
tantan

4

11
   

(7) Some suitable substitutions 

S. N. Function Substitution S. N. Function Substitution 

(i) 22 xa   sinax   or cosa  (ii) 22 ax   tanax   or cota  

(iii) 22 ax   secax   or ecacos  (iv) 

xa

xa




 

2cosax   

(v) 

22

22

xa

xa




 

2cos22 ax   (vi) 2xax   2sinax   

(vii) 
 

xa

x


 

2tanax   (viii) 
 

xa

x


 

2sinax   

(ix) ))(( bxax    22 tansec bax   (x) ))(( xbax    22 sincos bax   

 

 

 3.3 Theorems for Differentiation. 

 Let )(),( xgxf and )(xu be differentiable functions 

 (1) If at all points of a certain interval. ,0)(  xf  then the function )(xf  has a constant value 

within this interval. 

 (2) Chain rule 

 (i) Case I : If y is a function of u and u is a function of x, then derivative of y with respect to 

x is 
dx

du

du

dy

dx

dy
  or 

dx

du
uf

dx

dy
ufy )(')(   

 (ii) Case II : If y and x both are expressed in terms of t, y and x both are differentiable with 

respect to t then 
dtdx

dtdy

dx

dy

/

/
 . 

 (3) Sum and difference rule : Using linear property ))(())(())()(( xg
dx

d
xf

dx

d
xgxf

dx

d
  

 (4) Product rule : (i) )()()()())()(( xf
dx

d
xgxg

dx

d
xfxgxf

dx

d
    (ii) 

dx

dv
wu

dx

du
wv

dx

dw
vuwvu

dx

d
.......)..(   

 (5) Scalar multiple rule : )())(( xf
dx

d
kxfk

dx

d
  

 (6) Quotient rule :  
2))((

))(()())(()(

)(

)(

xg

xg
dx

d
xfxf

dx

d
xg

xg

xf

dx

d










, provided 0)( xg  

 

Example: 5  The derivative of 3||)( xxf   at 0x  is       [Rajasthan PET 2001; Haryana CEE 2002] 

 (a) 0 (b) 1 (c) –1 (d) Not defined  
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Solution: (a) 











0,

0,
)(

3

3

xx

xx
xf    and   












0,3

0,3
)(

2

2

xx

xx
xf  

 0)0()0(   ff  

Example: 6 The first derivative of the function  ( )2log3cos2cos2sin 3
2

 xxxx  with respect to x at x  is   [MP PET 1998] 

 (a) 2 (b) –1 (c) 2log22 e
  (d) 2log2 e  

Solution: (b) 3
2 2log3cos.2cos.2sin)(  xxxxxf ,  2log)3(3cos4sin

2

1
)( 2 xxxxf ,  3]sin7[sin

4

1
)(  xxxxf  

 Differentiate w.r.t. x, 

 1]cos7cos7[
4

1
)(  xxxf , 1cos

4

1
7cos7

4

1
)(  xxxf ,  112)(  f . 

Example: 7 If |sin||cos| xxy   then  
dx

dy
 at 

3

2
x  is  

 (a) 
2

31 
 (b) 0 (c) )13(

2

1
  (d) None of these 

Solution: (c) Around ,
3

2
x  xx cos|cos|   and xx sin|sin|   

  xxy sincos    xx
dx

dy
cossin   

 At 
3

2
x , 

3

2
cos

3

2
sin




dx

dy
 = )13(

2

1

2

1

2

3
 . 

Example: 8  If ),(loglog)( xxf x  then )(xf   at ex   is            [IIT 1985; Rajasthan PET 2000; MP PET 2000; Karnataka 

CET 2002] 

 (a) e (b) 1/e (c) 1 (d) None of these 

Solution: (b) 
x

x
xxf x

log

)log(log
)(loglog)(    

2)(log

)log(log
11

)(
x

x
xxxf



   
e

eef
1

1

0
1

)( 



   

Example: 9  If |,log|)( xxf   then for )(,1 xfx   equals 

 (a) 
x

1
 (b) 

||

1

x
 (c) 

x

1
 (d) None of these 

Solution: (d) 









1if ,log

10if ,log
|log|)(

xx

xx
xxf   















1if ,
1

10if ,
1

)(

x
x

x
xxf . 

 Clearly 1)1(  f  and 1)1(  f ,   )(xf   does not exist at 1x   

Example: 10  






































4/3

2

2
log

x

x
e

dx

d x  equals to      [Rajasthan PET 2001] 

 (a) 1  (b) 
4

1
2

2





x

x
 (c) 

4

1
2

2





x

x
 (d) 

4

1
2

2





x

x
e x  
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Solution: (c) Let
4/34/3

2

2
loglog

2

2
log 






















































x

x
e

x

x
ey xx  

  )]2log()2[log(
4

3
 xxxy   

)4(

3
1

2

1

2

1

4

3
1

2 
















xxxdx

dy
  

  
4

1
2

2






x

x

dx

dy
. 

Example: 11  If 
























 
 

2

2
1tanexp

x

xy
x then 

dx

dy
equals     [MP PET 2002] 

 (a) )(logsec)](logtan1[2 2 xxxx   (b) )(logsec)](logtan1[ 2 xxx   

 (c) )(logsec)](logtan1[2 22 xxxx   (d) )(logsec)](logtan1[2 2 xxx   

Solution: (a) 
























 
 

2

2
1tanexp

x

xy
x   













 
 

2

2
1tanlog

x

xy
x  

  )tan(log
2

2

x
x

xy



  22 )tan(log xxxy    x

x

x
xxx

dx

dy
2

)(logsec
.)tan(log.2

2
2   

  xxxxx
dx

dy
2)(logsec)tan(log2 2    )(logsec)]tan(log1[2 2 xxxx

dx

dy
 . 

Example: 12 If 



































 

1

1
sin

1

1
sec 11

x

x

x

x
y , then 

dx

dy
      [UPSEAT 1999; AMU 

2002] 

 (a) 0 (b) 
1

1

x
 (c) 1 (d) None of these 

Solution: (a) 




































 

1

1
sin

1

1
sec 11

x

x

x

x
y  = 

21

1
sin

1

1
cos 11 





































 

x

x

x

x
  0

dx

dy
 









 

2
cossin 11 

xx  

Example: 13  












xx

xx

dx

d

sincos

sincos
tan 1   [AISSE 1985, 87; DSSE 1982, 84; MNR 1985; Karnataka CET 2002; Rajasthan PET 

2002, 03] 

 (a) 
)1(2

1
2x

 (b) 
21

1

x
 (c) 1 (d) – 1 

Solution: (d) 1
4

tantan
sincos

sincos
tan 11 




























  x
dx

d

xx

xx

dx

d 
. 

Example: 14  






























x

x

dx

d

1

1
cotsin 12  equals                                     [MP PET 2002; EAMCET 

1996] 

 (a) 1  (b) 
2

1
 (c) 

2

1
  (d) 1 

Solution: (b) Let 















 

x

x
y

1

1
cotsin 12  

 Put  xx 1coscos    

  
























 

2
tancotsin

cos1

cos1
cotsin 1212 




y   










22
sin 2 

y = 
2

cos 2  = )cos1(
2

1
  = )1(

2

1
x  
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2

1


dx

dy
 

Example: 15 If 






 
 

13

sin12cos5
cos 1 xx

y , 









2
,0


x , then 
dx

dy
 is equal to  

 (a) 1 (b) – 1 (c) 0 (d) None of these 

Solution: (a) Let 
13

5
cos  . Then 

13

12
sin  . So, }sin.sincos.{coscos 1 xxy     

    xxy )}{cos(cos 1  ( x  is in the first or the second quadrant) 

  1
dx

dy
. 

Example: 16  )(seccosh 1 x
dx

d  =       [Rajasthan PET 1997] 

 (a) xsec  (b) xsin  (c) xtan  (d) xcosec  

Solution: (a) We know that 
1

1
cosh

2

1




x
x

dx

d
, xx

x

x
dx

d
tansec

1sec

1
)(seccosh

2

1



 = x
x

xx
sec

tan

tansec
 .  

Example: 17  































x

xx

xx

dx

d
3cot

tan2tan1

tan2tan
22

22

      [AMU 2000] 

 (a) xx tan2tan  (b) xx tan3tan  (c) x2sec  (d) xx tansec   

Solution: (c) Let 
xx

xx
y

22

22

tan2tan1

tan2tan




  = 

)tan2tan1(

)tan2(tan

)tan2tan1(

)tan2(tan

xx

xx

xx

xx








= )2tan()2tan( xxxx   = xx 3tantan . 

  xx
dx

d
xy

dx

d 2sec][tan]3cot.[  . 

Example: 18  If ,
2

cot)( 1













 





xx xx
xf then )1('f  is equal to      [Rajasthan PET 2000] 

 (a) – 1 (b) 1 (c) 2log  (d) 2log  

Solution: (a) 












 





2
cot)( 1

xx xx
xf  

 Put tanxx ,    












 
 





tan2

1tan
cot)(

2
1xfy = )2cot(cot 1 θ

 = )2(cotcot 1    

  y  =  2   = )(tan2 1 xx   )log1(.
1

2
2

xx
xdx

dy x

x





   1)1( f . 

Example: 19 If )1).......(1)(1)(1( 242 n

xxxxy   then 
dx

dy
 at 0x  is  

 (a) 1 (b) – 1 (c) 0 (d) None of these 

Solution: (a) 
x

x

x

xxxx
y

nn













1

1

1

)1).....(1()1()1(
1222

 

  
2

2121

)1(

1)1(.2
11

x

xxx

dx

dy
nnn






 

,   At 0x , 1
1

011.02
2

1





n

dx

dy
. 

Example: 20 If xxxxxxf 16cos.8cos.4cos.2cos.cos)(   then 









4


f  is 
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 (a) 2  (b) 
2

1
 (c) 1 (d) None of these 

Solution: (a) 
x

x

x

xxxxxx
xf

sin2

32sin

sin2

16cos.8cos.4cos.2cos.cos.sin2
)(

5
  

  
x

xxxx
xf

2sin

32sin.cossin.32cos32
.

32

1
)(


  

  2

2

1
.32

0.
2

1

2

1
.32

4 2


























f . 

 

 3.4 Relation between dy/dx and dx/dy . 

 Let x and y be two variables connected by a relation of the form 0),( yxf . Let x  be a small 

change in x and let y be the corresponding change in y. Then 
x

y

dx

dy

x 




 0
lim  and 

y

x

dy

dx
y 




 0
lim . 

 Now, 1.lim1.
0



























 y

x

x

y

y

x

x

y

x
 

  1lim.lim
00










 y

x

x

y

yx
 [ 00  yx ]  1. 

dy

dx

dx

dy
.    So, 

dydxdx

dy

/

1
 . 

  

 3.5 Methods of Differentiation. 

 (1) Differentiation of implicit functions : If y is expressed entirely in terms of x, then we 

say that y is an explicit function of x. For example y = sin x, y = ex, y = x2 + x + 1 etc. If y is 

related to x but can not be conveniently expressed in the form of )(xfy   but can be expressed in 

the form 0),( yxf , then we say that y is an implicit function of x. 

 (i) Working rule 1 : (a) Differentiate each term of 0),( yxf  with respect to x. 

 (b) Collect the terms containing dxdy /  on one side and the terms not involving dy/dx on the 

other side. 

 (c) Express dy/dx as a function of x or y or both. 

 Note  :  In case of implicit differentiation, dy/dx may contain both x and y.  

 (ii) Working rule 2 : If f(x, y)= constant, then 





























y

f

x

f

dx

dy
 

 where 
x

f




 and 

x

f




 are partial differential coefficients of ),( yxf  with respect to x and y 

respectively. 
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 Note  :  Partial differential coefficient of ),( yxf  with respect to x means the ordinary 

differential coefficient of ),( yxf  with respect to x keeping y constant. 

     

Example: 21 If xyxe xy 2sin , then at 0x , 
dx

dy
=      [IIT 1996] 

 (a) – 1 (b) – 2 (c) 1 (d) 2 

Solution: (c) We are given that xyxe xy 2sin  

 When 0x , we get 0y  

 Differentiating both sides w.r.t. x, we get,  xx
dx

dy
y

dx

dy
xxee xyxy cossin2








  

 Putting, 0x , 0y , we get 1
dx

dy
. 

Example: 22 If )log()sin( yxyx  , then 
dx

dy
=                             [Karnataka CET 1993; Rajasthan PET 1989, 1992; 

Roorkee 2000]  

 (a) 2 (b) – 2 (c) 1 (d) – 1 

Solution: (d) )log()sin( yxyx   

 Differentiating with respect to x, 





















dx

dy

yxdx

dy
yx 1

1
1)cos(  

 01
1

)cos( 




















dx

dy

yx
yx  

     
yx

yx



1

)cos(  for any x and y. So, 01 
dx

dy
, 1

dx

dy
. 

 Trick: It is an implicit function, so 1
1

)cos(

1
)cos(

/

/














yx
yx

yx
yx

yf

xf

dx

dy
. 

Example: 23 If ,2)ln( xyyx   then )0(y =         [IIT Screening 2004] 

 (a) 1 (b) – 1 (c) 2 (d) 0 

Solution: (a) xyyx 2)ln(    












y

dx

dy
x

yx

dxdy
2

)(

)/1(
  

122

221
2

2






xyx

yxy

dx

dy
  1

1

21
)0( 




y , at ,0x  1y . 

 

 (2) Logarithmic differentiation : If differentiation of an expression or an equation is done 

after taking log on both sides, then it is called logarithmic differentiation. This method is useful 

for the function having following forms.  

 (i)   )(
)(

xg
xfy   

 (ii) 
)........().(

).........().(

21

21

xgxg

xfxf
y   where 0)( xgi (where i = 1, 2, 3,.....), fi(x) and gi(x) both are 

differentiable  

 (i) Case I : )(]([ xgxfy   where )(xf  and )(xg are functions of x. To find the derivative of this 

type of functions we proceed as follows: 
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 Let y = )()]([ xgxf . Taking logarithm of both the sides, we have log).(log xgy   f (x) 

 Differentiating with respect to x, we get 
dx

xdg
xf

dx

xdf

xf
xg

dx

dy

y

)(
)}.({log

)(

)(

1
).(

1
  

   









dx

xdg
xf

dx

xdf

xf

xg
y

dx

dy )(
)].(log[

)(
.

)(

)(
 










dx

xdg
xf

dx

xdf

xf

xg
xf xg )(

)(log[
)(

)(

)(
)([ )(  

 (ii) Case II : 
)().(

)().(

21

21

xgxg

xfxf
y   

 Taking logarithm of both the sides, we have )](log[)](log[)](log[)](log[log 2121 xgxgxfxfy   

 Differentiating with respect to x, we get 
)(

)(

)(

)(

)(

)(

)(

)(1

2

2

2

1

2

2

1

1

xg

xg

xg

xg

xf

xf

xf

xf

dx

dy

y











  

 






 











)(

)(

)(

)(

)(

)(

)(

)(

2

2

1

1

2

2

1

1

xg

xg

xg

xg

xf

xf

xf

xf
y

dx

dy
= 







 










)(

)(

)(

)(

)(

)(

)(

)(

)().(

)().(

2

2

1

1

2

2

1

1

21

21

xg

xg

xg

xg

xf

xf

xf

xf

xgxg

xfxf
 

 Working rule  : (a) To take logarithm of the function  (b) To differentiate the function  

Example: 24 If ,)(2 nmnm yxyx   the value of 
dx

dy
 is     [MP PET 2003] 

 (a) yx   (b) 
y

x
 (c) 

x

y
 (d) yx   

Solution: (c) nmnm yxyx  )(2   )log()(2logloglog yxnmynxm   

 Differentiating w.r.t. x both sides 

 














dx

dy

yx

nm

dx

dy

y

n

x

m
1  

x

y

dx

dy
 . 

Example: 25  If xxy tan)(sin , then 
dx

dy
 is equal to                                   [IIT 1994; Rajasthan PET 

1996] 

 (a) )sinlog.sec1(.)(sin 2tan xxx x   (b) xxx x cos.)(sin.tan 1tan   

 (c) xxx x sinlogsec,.)(sin 2tan   (d) 1tan)(sin.tan xxx  

Solution: (a) Given xxy tan)(sin  

      log xxy sinlog.tan  

 Differentiating w.r.t. x, xxxx
dx

dy

y

2sec.sinlogcot.tan.
1

  

 ]sec.sinlog1[)(sin 2tan xxx
dx

dy x  . 

 

 (3) Differentiation of parametric functions : Sometimes x and y are given as functions of a 

single variable, e.g., x =  (t) , y =  (t)  are two functions and t is a variable. In such a case x 

and y are called parametric functions or parametric equations and t is called the parameter. To 

find 
dx

dy
 in case of parametric functions, we first obtain the relationship between x and y by 

eliminating the parameter t and then we differentiate it with respect to x. But every time it is 
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not convenient to eliminate the parameter. Therefore 
dx

dy
 can also be obtained by the following 

formula      
dtdx

dtdy

dx

dy

/

/
  

 To prove it, let x  and y  be the changes in x and y respectively corresponding to a small 

change t in t.  

 Since  
)('

)('

lim

lim

lim,
/

/

0

0

0 t

t

dt

dx
dt

dy

t

x
t

y

x

y

dx

dy

tx

ty

x

y

t

t

x 































 

 

Example: 26 If )sin(cos   ax , 
dx

dy
ay ),cos(sin       [DCE 1999] 

 (a) cos  (b) tan  (c) sec  (d) cosec 

Solution: (b) 




ddx

ddy

dx

dy

/

/
 = 








tan

cos

sin

]sincossin[

]cos)sin([cos






a

a
. 

Example: 27 If 
21

1
cos

t
x


  and 

21
sin

t

t
y


 , then 

dx

dy
=      [MP PET 1994] 

 (a) – 1 (b) 
21

1

t

t




 (c) 

21

1

t
 (d) 1  

Solution: (d) Obviously 
2

1

1

1
cos

t
x


   and 

2

1

1
sin

t

t
y


    

  tx 1tan   and ty 1tan   xy    1
dx

dy
. 

Example: 28   If 
2

2

1

1

t

t
x




 and 

21

2

t

t
y


 , then 

dx

dy
     [Karnataka CET 2000] 

 (a) 
x

y
 (b) 

x

y
 (c) 

y

x
 (d) 

y

x
  

Solution: (c) 
2

2

1

1

t

t
x




  and 

21

2

t

t
y


  

Put  tant  in both the equations, we get 



2cos

tan1

tan1
2

2





x  and 




2sin

tan1

tan2
2




y . 

Differentiating both the equations, we get 


2sin2
d

dx
 and .2cos2 




d

dy
  

 Therefore 
y

x

dx

dy






2sin

2cos
. 

 

 (4) Differentiation of infinite series : If y is given in the form of infinite series of x and we 

have to find out 
dx

dy
 then we remove one or more terms, it does not affect the series 

 (i) If  .......)()()( xfxfxfy , then yxfy  )(  yxfy  )(2
 

    
dx

dy
xf

dx

dy
y  )(2 ,    

12

)(






y

xf

dx

dy
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 (ii) If 



).....()()()(

xfxfxfxfy  then yxfy )(  

   )(loglog xfyy   

  
dx

dy
xf

xf

xfy

dx

dy

y
).(log

)(

)(.1



 ,    

)](log1)[(

)(2

xfyxf

xfy

dx

dy




  

 (iii) If 






....)(

1
)(

1
)(

xf
xf

xfy  then 
)(2

)(

xfy

xfy

dx

dy




  

 

Example: 29 If   to........xxxy  then 
dx

dy
     [Rajasthan PET 2002] 

 (a) 
12 y

x
 (b) 

12

2

y
 (c) 

12

1





y
 (d) 

12

1

y
 

Solution: (d)   to........xxxy   yxy    yxy 2   
dx

dy

dx

dy
y  12   1)12( y

dx

dy
  

12

1




ydx

dy
 

Example: 30 If 



.....xxxy , then 

dx

dy
xyx e )log1(   is     [DCE 2000] 

 (a) 2x  (b) 2y  (c) 2xy  (d) None of these 

Solution: (b) 



......xxxy   yxy    xyy ee loglog    

dx

dy
x

x

y

dx

dy

y
elog

1
   

x

y

dx

dy
x

y
e 








 log

1
  

2)log1( y
dx

dy
xyx e   

Example: 31 If 








......

1

1

1

2

2

2

2

x
x

x

xy , then 
dx

dy
 

 (a) 
22

2

xy

xy


 (b) 

2xy

xy


 (c) 

2xy

xy


 (d) 

y

x

x
2

2

2



 

Solution: (a) 
y

xy
12    122  yxy   

dx

dy
xxy

dx

dy
y 22.2    

22

2

xy

xy

dx

dy


  

Example: 32 If 

 to........yeyex , then 

dx

dy
 is       [AIEEE 2004] 

 (a) 
x

x1
 (b) 

x

1
 (c) 

x

x1
 (d) 

x

x

1
 

Solution: (c) xyex   

 Taking log both sides,  xyexyx  log)(log   xxy log   
xdx

dy 1
1    

x

x

xdx

dy 


1
1

1
 

 

 (5) Differentiation of composite function : Suppose function is given in form of )(xfog  or 

)]([ xgf  
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 Working rule : Differentiate applying chain rule )(')].([')]([ xgxgfxgf
dx

d
  

 

Example: 33 If |2|)(  xxf  and ))(()( xffxg  , then for x>20, )(xg  equals 

 (a) –1 (b) 1 (c) 0 (d) None of these 

Solution: (b) For x > 20, we have 

  2|2|)(  xxxf   and, 422)2())(()(  xxxfxffxg  

  1)(  xg  

Example: 34 If g is inverse of f and 
nx

xf



1

1
)( , then )(xg  equals 

 (a) nx1  (b) nxf )]([1   (c) nxg )]([1  (d) None of these 

Solution: (c) Since g is inverse of f. Therefore,  

 xxfog )(  for all x  1)}({ xfog
dx

d
 for all x 

  1)()).((  xgxgf   
)(

1
)}({

xg
xgf


   

)(

1

)]([1

1

xgxg n 



  












nx
xf

1

1
)(  

  nxgxg )]([1)(   
 

 3.6 Differentiation of a Function with Respect to Another Function. 

 In this section we will discuss derivative of a function with respect to another function. Let 

)(xfu   and )(xgv   be two functions of x. Then, to find the derivative of )(xf  w.r.t. )(xg  i.e., to 

find 
dv

du
 we use the following formula  

dxdv

dxdu

dv

du

/

/
  

 Thus, to find the derivative of f(x) w.r.t. g(x) we first differentiate both w.r.t. x and then 

divide the derivative of f(x) w.r.t. x by the derivative of g(x) w.r.t. x. 
 

Example: 35 The differential coefficient of 
2

1

1

2
tan

x

x



  w.r.t. 
2

1

1

2
sin

x

x



  is 

                                      [Roorkee 1966; BIT Mesra 1996; Karnataka CET 1994; MP PET 1999; UPSEAT 

1999, 2001] 

 (a) 1 (b) –1 (c) 0 (d) None of these 

Solution: (a) Let 
2

1
1

1

2
tan

x

x
y


   and 

2

1
2

1

2
sin

x

x
y


   

 Putting x = tan 

  xy 11
1 tan222tantan     and xy 11

2 tan22sinsin     

 Again 
2

11

1

2
]tan2[

x
x

dx

d

dx

dy


   ........(i) 

 and 
2

12

1

2
]tan2[

x
x

dx

d

dx

dy


    ........(ii) 

 Hence 1
2

1 
dy

dy
 

Example: 36 The first derivative of the function 



























  xx
x

2

1
sincos 1  with respect to x at x =1 is   [MP PET 1998] 
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 (a) 
4

3
 (b) 0 (c) 

2

1
 (d) 

2

1
  

Solution: (a) xx
x

xf 


























 
 

2

1

2
coscos)( 1  xx

x





2

1

2


 

  )log1(
12

1
.

2

1
)( xx

x
xf x 


   

4

3
1

4

1
)1( f  

 

 3.7 Successive Differentiation or Higher Order Derivatives. 

(1)  Definition and notation : If y is a function of x and is differentiable with respect 

to x, then its derivative 
dx

dy
can be found which is known as derivative of first order. If the first 

derivative 
dx

dy
 is also a differentiable. function, then it can be further differentiated with 

respect to x and this derivative is denoted by 22 / dxyd which is called the second derivative of y 

with respect to x further if 
2

2

dx

yd
is also differentiable then its derivative is called third derivative 

of y which is denoted by 
3

3

dx

yd
. Similarly nth derivative of y is denoted by 

n

n

dx

yd
. All these 

derivatives are called as successive derivative and this process is known as successive 

differentiation. We also use the following symbols for the successive derivatives of )(xfy   : 

,...............,,, ,321 nyyyy      ,...............,,, nIIIIII yyyy  

,...............,,, 32 yDyDyDDy n   (where 
dx

d
D  )  ..,................,,,

3

3

2

2

n

n

dx

yd

dx

yd

dx

yd

dx

dy
 

),......(.,),........(),(),( xfxfxfxf n  

If )(xfy  , then the value of the nth order derivative at ax   is usually denoted by  

ax

n

n

dx

yd
















 or axny )(  or ax

ny )(  or )(af n  

(2) nth Derivatives of some standard functions : 

(i)  (a) 







 bax

n
abax

dx

d n

n

n

2
sin)sin(


 (b) 








 bax

n
abax

dx

d n

n

n

2
cos)cos(


 

 (ii) ,)(
!)(

!
)( nmnm

n

n

baxa
nm

m
bax

dx

d 


  where nm   

Particular cases : 

(i) (a) When m = n (ii) When 0,1  ba , then nxy   

      !.}){( nabaxD nnn     nmnmmn x
nm

m
xnmmmxD 




)!(

!
)1).......(1()(  

   (b) When 0}){(,  mn baxDnm  

     (iii) When a = 1, b = 0 and m = n,   (iv) When 
)(

1
,1

bax
ym
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then nxy                    nnn baxnayD  1))()........(3)(2)(1()(  

!)( nxD nn               
1

1

)(

!)1(
))(......3.2.1()1(










n

nn
nnn

bax

na
baxna  

(3) 
n

nn

n

n

bax

an
bax

dx

d

)(

)!1()1(
)log(

1








 (4) axnax

n

n

eae
dx

d
)(   

(5) nx

n

xn

aa
dx

ad
)(log

)(
  (6) (i) )sin()sin( ncbxercbxe

dx

d axnax

n

n

  

    where 
a

b
bar 122 tan;   , 

)sin( cbxey ax   

        (ii) )cos()cos( ncbxercbxe
dx

d axnax

n

n

  

 

Example: 37 If ,1 2
n

xxy 






   then 
dx

dy
x

dx

yd
x 

2

2
2 )1(  is      [AIEEE 2002] 

 (a) yn2  (b) yn2  (c) y  (d) yx 22   

Solution: (a) nxxy )1( 2  















 

2

12

1
1)1(

x

x
xxn

dx

dy n   
2

2

1

)1(

x

xxn

dx

dy n




   

n

xxn
dx

dy
x 







  22 1)1(  

 

















2

2

2

2

1
1.

x

x

dx

dy
x

dx

yd
























 


2

1
22

1
11

x

x
xxn

n

 

 nxxn
dx

dy
x

dx

yd
x )1(..)1( 22

2

2
2   yn

dx

dy
x

dx

yd
x 2

2

2
2 .)1(  . 

Example: 38 If ,)( nxxf   then the value of 
!

)1()1(
......

!3

)1('''

!2

)1(''

!1

)1('
)1(

n

ffff
f

nn
  is   [AIEEE 2003] 

 (a) n2  (b) 12 n  (c) 0 (d) 1  

Solution: (c) 1)1()(  fxxf n ,  nfnxxf n   )1()( 1  

)1()1()1()( 2   nnfxnnxf n ….. 

!)1(!)( nfnxf nn  , 
!

)1()1(
......

!2

)1(

!1

)1(
)1(

n

fff
f

nn






  

!

!
)1(.....

!3

)2)(1(

!2

)1(

!1
1

n

nnnnnnn n





 0)1(......3210  n
nnnnnn CCCCC . 

Example: 39 If 













































 

x

x

ex

x

e

xf
log61

log23
tan

)log(

log

tan)( 1

2

2
1 , then 

n

n

dx

yd
 is )1( n  

 (a) }){(logtan 1 nx  (b) 0 (c) 1/2 (d) None of these 

Solution: (b) We have 
























































 

x

x

x

x

x

x

xe

xe
y

log61

log23
tan

log21

log21
tan

log61

log23
tan

loglog

loglog
tan 111

2

2
1  

 )log2(tan3tan)log2(tan1tan 1111 xx     003tan1tan 11  

n

n

dx

yd

dx

dy
y . 

Example: 40 If ).....3sin3(cos)sin(cos)( xixxixxf  ),)12sin()12(cos( xnixn   then )(xf   is equal to 

www.studentbro.inwww.studentbro.inwww.studentbro.in



 

 

 
 
144 Differentiation 

 (a) )(2 xfn  (b) )(4 xfn  (c) )(2 xfn  (d) )(4 xfn  

Solution: (b) We have, xnixnxnxxxixnxxxf 22 sincos))12(....53sin())12(....3cos()(   

  )cos()(sin)( 2222 xninxnnxf    xninxnnxf 2424 sincos)(    

  )sin(cos)( 224 xnixnnxf    )()( 4 xfnxf   

 

 3.8 nth Derivative using Partial fractions. 

 For finding nth derivative of fractional expressions whose numerator and denominator are 

rational algebraic expression, firstly we resolve them into partial fractions and then we find nth 

derivative by using the formula giving the nth derivative of 
bax 

1
. 

 

Example: 41 If 
232

4




xx

x
y , then for n > 2 the value of yn is equal to 

 (a) ])1()2(16[!)1( 11   nnn xxn  (b) ])1()2(16[!)1( 11   nnn xxn  

 (c) ])1()2(16[! 11   nn xxn   (d) None of these 

Solution: (a) 
)2()1(

1415
73

23

2

2

4









xx

x
xx

xx

x
y  = 

)2(

16

)1(

1
732







xx
xx  

 ])2[(16])1[()7()3()( 112   xDxDDxDxDy nnnnn
n  

])2(16)1([!)1( 11   nnn xxn  = ])1()2(16[!)1( 11   nnn xxn . 

 

 3.9 Differentiation of Determinants. 

Let (x) = 
)()(

)()(

)()(

)()(
)( Then.

)()(

)()(

22

11

22

11

22

11

xbxa

xbxa

xbxa

xbxa
x

xbxa

xbxa





  

If we write (x) = || 321 CCC . Then ||||||)( 321321321 CCCCCCCCCx   

Similarly, if (x)= 

3

2

1

R

R

R

, then 

3

2

1

3

2

1

3

2

1

)(

R

R

R

R

R

R

R

R

R

x







  

Thus, to differentiate a determinant, we differentiate one row (or column) at a time, keeping 

others unchanged. 

Example: 42 If 3,2,1),(),(),( rxhxgxf rrr  are polynomials in x such that 3,2,1),()()(  rahagaf rrr  and  

 

)()()(

)()()(

)()()(

)(

321

321

321

xhxhxh

xgxgxg

xfxfxf

xF  , then find )(' xF  at ax                                      [IIT 1985] 

 (a) 0 (b) )()()( 321 ahagaf  (c) 1 (d) None of these 

Solution: (a) 

)()()(

)()()(

)()()(

)()()(

)()()(

)()()(

)('

321

'
3

'
2

'
1

321

321

321

'
3

'
2

'
1

xhxhxh

xgxgxg

xfxfxf

xhxhxh

xgxgxg

xfxfxf

xF  +

)()()(

)()()(

)()()(

'
3

'
21

321

321

xhxhxh

xgxgxg

xfxfxf
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)()()(

)()()(

)()()(

)(

321

321

'
3

'
2

'
1

ahahah

agagag

afafaf

aF   + 

)()()(

)()()(

)()()(

321

'
32

'
1

321

ahahah

agagag

afafaf

 +

)()()(

)()()(

)()()(

'
3

'
2

'
1

321

321

ahahah

agagag

afafaf

 

                        =. 0000      ]3,2,1),()()([  rahagaf rrr  

Example: 43 Let 
32

3

1

016

cossin

)(

pp

xxx

xf   where p is a constant. Then )]([
3

3

xf
dx

d
 at 0x  is                   [IIT 1997] 

 (a) p (b) p + p2 (c) p + p3 (d) Independent of p 

Solution: (d) Given 
32

3

1

016

cossin

)(

pp

xxx

xf  ,  2nd and 3rd rows are constant, so only 1st row will take part in 

differentiation   

     

32

3

3

3

3
3

3

3

3

3

1

016

cossin

)(

pp

x
dx

d
x

dx

d
x

dx

d

xf
dx

d


   

  We know that )
2

sin(sin,!
n

xx
dx

d
nx

dx

d
n

n
n

n

n

  and )
2

cos(cos
n

xx
dx

d
n

n

  

  Using these results,   
32

3

3

1

016

2

3
cos

2

3
sin!3

)(

pp

xx

xf
dx

d

























 

  
320 at

3

3

1

016

016

)(

pp

xf
dx

d

x









 = 0 i.e., independent of p.  

 

 3.10 Differentiation of Integral Function. 

 If )(and)( 21 xgxg  both functions are defined on [a, b] and differentiable at a point ),( bax   and 

)(tf  is continuous for )(
2

)()(
1

bgtfag   

 Then )()]([)()]([)( 1122

)(

)(

2

1

xgxgfxgxgfdttf
dx

d xg

xg
   = )()]([)()]([ 1122 xg

dx

d
xgfxg

dx

d
xgf  . 

Example: 44 If  

3

2
)0(log)(

x

x

xdttxF , then )(' xF =         [MP PET 2001] 

 (a) xxx log)49( 2   (b) xxx log)94( 2  (c) xxx log)49( 2   (d) None of these 

Solution: (a) Applying formula we get xxxxxF 2)(log3)(log)(' 223   

   = )log2(23)log3( 2 xxxx   = xxxx log4log9 2   = xxx log)49( 2  . 

Example: 45 If dt

t

x
y





0 241

1
, then 

2

2

dx

yd
 is 
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 (a) 2y (b) 4y (c) 8y (d) 6 y 

Solution: (b) 



y

dt
t

x
0 241

1
  

241

1

ydy

dx


   241 y

dx

dy
   

dx

dy

y

y

dx

yd

22

2

41

4


   yy

y

y

dx

yd
441

41

4 2

22

2




  

 

 3.11 Leibnitz’s Theorem. 

 G.W. Leibnitz, a German mathematician gave a method for evaluating the nth differential 

coefficient of the product of two functions. This method is known as Leibnitz’s theorem.  

 Statement of the theorem – If u and v are two functions of x such that their nth derivative 

exist then )..(........................)(.).( 22
2

1
10 vDuvDuDCvDuDCDvuDCvuDCvuD nrrn

r
nnnnnnnn    

 Note  :  The success in finding the nth derivative by this theorem lies in the proper 

selection of first and second function. Here first function should be selected whose 

nth derivative can be found by standard formulae. Second function should be such 

that on successive differentiation, at some stage, it becomes zero so that we need 

not to write further terms. 
 

Example: 46 If ,2 xexy   then value of ny  is 

 (a) xennnxx )}1(2{ 2     (b) xennnxx )}1(2{ 2   

 (c) xennnxx )}1(2{ 2     (d) None of these 

Solution: (b) Applying Leibnitz’s theorem by taking 2x  as second function. We get , ).( 2xeDyD xnn   

  = ...........)().()().()( 222
2

21
1

2
0   xDeDCxDeDCxeDC xnnxnnxnn = ..........002.

!2

)1(
2.. 2 


 xxx e

nn
xnexe  

 x
n ennnxxy )}1(2{ 2  . 

Example: 47 If ,log2 xxy   then value of ny  is 

 (a) 
2

1 )!3()1(


 
n

n

x

n
 (b) 2.

)!3()1(
2

1



 
n

n

x

n
 (c) 

2

1 )!2()1(


 
n

n

x

n
  (d) None of these 

Solution: (b) Applying Leibnitz’s theorem by taking 2x  as second function, we get, ).(log 2xxDyD nn   

 = ...........)()(log)().(log).(log 222
2

21
1

2
0   xDxDCxDxDCxxDC nnnnnn  

 = .........002.
)!3()1(

!2
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2
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1

2
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n
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n
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