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Issac Newton

|n the history of mathematics two names are

prominent to share the credit for inventing
calculus, Issac Newton (1642-1727) and G.W.
Leibinitz  (1646-1717). Both of them
independently invented calculus around the
seventeenth century. After the advent of
calculus many mathematicians contributed for
further development of calculus. The rigorous
concept is mainly attributed to the great
mathematicians, A.L. Cauchy, J.L., Lagrange
and Karl Weierstrass.

Before 1900, it was thought that calculus is

quite difficult to teach. So calculus became
beyond the reach of youngsters. But just in
1900, John Perry and others in England started
propagating the view that essential ideas and
methods of calculus were simple and could be
taught even in schools. F.L. Griffin, pioneered
the teaching of calculus to first year students.
This was regarded as one of the most daring
act in those days.

Today not only the mathematics but many
other subjects such as Physics, Chemistry,
Economics and Biological Sciences are
enjoying the fruits of calculus.

Get More Learning Materials Here: &

Cvcnrce €3

@g www.studentbro.in



Introduction

The rate of change of one quantity with respect to some another quantity has a great
importance. For example, the rate of change of displacement of a particle with respect to time is
called its velocity and the rate of change of velocity is called its acceleration.

The rate of change of a quantity ‘y’ with respect to another quantity ‘x’ is called the
derivative or differential coefficient of y with respect to x.

3.1 Derivative at a Point

The derivative of a function at a point x =a is defined by f'(a)= Aiqw (provided the

limit exists and is finite)
The above definition of derivative is also called derivative by first principle.

(1) Geometrical meaning of derivatives at a point: Consider the curve y=f(x). Let f(x) be
differentiable at x =c. Let P(c, f(c)) be a point on the curve and Q(x, f(x)) be a neighbouring point

on the curve. Then,

Slope of the chord PQ = M Taking limitas Q > P, i.e., X >
X—C
QLx,

we get (gimp (slope of the chord PQ) = lim

X—>C

f(x)— () .
X—C S0 -
As Q —» P, chord PQ becomes tangent at P.

Therefore from (i), we have

Slope of the tangent at P = lim
X —=>C X —C

f(x)— f(c) _ [df(x)j
Ldx ),

Nole : U Thus, the derivatives of a function at a point x =c is the slope of the tangent to

curve, y = f(x) at point (c, f(c)).

(2)Physical interpretation at a point : Let a particle moves in a straight line OX starting
from O towards X. Clearly, the position of the particle at any instant would depend upon the
time elapsed. In other words, the distance of the particle from O will be some function f of time
t.

00
~
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Differentiation 129

Let at any time t=t,, the particle be at P and after a further time h, it is at Q so that OP =
f(t,) and OQ = f(t, + h). Hence, the average speed of the particle during the journey from P to Q is
E’ ie., f(ty +h)— f(ty)

h h
f(ty +h)— f(ty)
h

= f(t,,h). Taking the limit of f(t;,h) as h—>0, we get its instantaneous

speed to be rl1|n}) , which is simply f'(t,). Thus, if f(t) gives the distance of a moving

particle at time t, then the derivative of f at t=t, represents the instantaneous speed of the

particle at the point P, i.e., at time t=t{,.

Important Tips

dy
dx

d d
& is ™ (y) in which ™ is simply a symbol of operation and not ‘d’ divided by dx.
X X

@ If f'(xg) =, the function is said to have an infinite derivative at the point xo. In this case the line tangent to the

curve of y = f(x) at the point xo is perpendicular to the x-axis

Xf(2) - 2f(x) _

2 [Rajasthan PET 1995, 2000]
X —

Example: 1 If f(2)=4, f'(2)=1, then Iim2
(a) 1 (b) 2 (© 3 (d) -2
Solution: (b) Given f(2)=4,f'(2)=1

i X@-210) L X@)-26)+ 262000 _ | (x-2)fQ) . 21(x)-2f(2)
X—2 X —2 X—2 X —2 X—2 X -2 X—2 X —2

= f(2)—2|imz% = f2)-2f(2)=4-2)=4-2=2

2.

Trick : Applying L-Hospital rule, we get Iim2 w =
X—

Example: 2 If f(x+y)=f(x).f(y) for all x and y and f(5)=2, f'(0)=3, then f'(5) will be
[IIT 1981; Karnataka CET 2000; UPSEAT 2002; MP PET 2002; AIEEE 2002]

(a) 2 (b) 4 (©) 6 (d) 8
Solution: (c) Let x=5y=0 = f(5+0)=f(5).f(0)

= (5)=fG)f(0) = f(0)=1

Therefore, () = lin fG+ hr? —f6) _ lim f(s)f(hg‘ f6) _ lim 2[%} {-16)=2}
- 2Iim[w} _2xf(0)=2x3 6.
h—0 h

g(x)f@-g@f(x) _

Example: 3 If f(a)=3,f'(@=-2,0@=-19(@) =4, then lim - a

[MP PET 1997]

(a) -5 (b) 10 (c) -10 (d) 5
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130 Differentiation

Solution: (b)  lim X))@= 0@1)
x—a X —a

- lim 9()f(@) — 9@ f(@) + g@f(@) — 9@f(x) _ lim f(a){ 9(x) - Q(a)} _lim g(a)[ f(x) - f(a)}
X—a x—a —a

x—a X —a Xx—a

. We add and subtract g(a)f(a)in numerator

X—a| X—a

= f(a) ||m[w} g(@) lim {f(x) f(a)} f@g'(d) — g@f'(a) [by using first principle formula]

=34-(-1)(-2) =12-2=10
Trick : lim 9%)f(@-0@()
Xx—a X—a

g')f@-g@f(x),

’

Using L-Hospital’s rule, Limit = lim
x—a 1

Limit = g'(a) f(@)—g@)f'(d) = 4))-(-1)(-2) =12 -2 = 10.

Example: 4 If 5f(x)+ Sf[EJ =Xx+2 and y = xf(x) then (:—y] is equal to
X X Jx=1

(a) 14 (b) g () 1 (d) None of these
Solution: (b) - 5f(x)+3f(lj =Xx+2 . (i)
X
. 1. . 1 1 ..
Replacing x by — in (i), 5f(—j+3f(x) ==—+4+2 . (ii)
X X X
On solving equation (i) and (ii), we get, 16 f(x) =5x —§+4 , - 16f(x)=5 +i2
X X
dy 1 3 1 3
oy = xf(x L =fX)+xf'(X)= —6x—-——+4)+x.—(56+—
V=H0) = = 00X = o 6X - )Xo G )
at x=1, ¥ L 314+ L3 = L.
dx 16 16

3.2 Some Standard Differentiation

(1) Differentiation of algebraic functions

(i) dd_XXn =nx"txeRneR x>0 (ii) —(\/_) = T (iii) dd_x(%j = —%

(2) Differentiation of trigonometric functions : The following formulae can be applied
directly while differentiating trigonometric functions

i) isin X = COS X (ii) icos X = —Sin X (iii) itan X = sec? x
dx dx dx

. d d .. d
(iv) —secx =secxtanx v) d—cosec X =—cosec xcot x (vi) d—cot X = —C0sec?x
X X

(3) Differentiation of logarithmic and exponential functions : The following formulae can

be applied directly when differentiating logarithmic and exponential functions

@) Liogx=21,forx>o0 (i) Jex e
dx X

dx
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Differentiation 131

(iii) iaxzaxloga,fora>o (iv) iIogax= ! ,forx>0,a>0,a=1
dx dx x log a

(4) Differentiation of inverse trigonometrical functions : The following formulae can be
applied directly while differentiating inverse trigonometrical functions

(i) isin’lx:;,for -1l<x<1 (ii) icos’lx= ,for —1<x<1
dx 1-x2 dx 1-x?
d 1 1 . d 3 -1
(iii) —sec X =——— for| x|>1 (iv) —C0SeC X = ————— for
dx | x| Vx2 -1 dx | x| Vx2 -1
| x|>1
d -1 . d -1 -
(v) —tan"x=——,for xeR (vi) —cot™”x=——,for xeR
dx 1+x dx 1+x
(5) Differentiation of hyperbolic functions :
) isinhx:coshx (ii) icoshx:sinhx
dx dx
...y d 2 . d 2
(iii) —tan hx =sechx (iv) —cothx =—cosec h“x
dx dx
d .. d
V) d—sechx =—-sechxtanh x (vi) d—cosechx=—cosechxcothx
X X
.s d . -1 2 sse d -1 2
(vil) —sinh™x =1/ +Xx") (viii) —cosh™x =1/4/(x"-1)
dx dx
. d 1 2 d 1 2
(ix) —tanh“x =1/(x"-1) (x) —coth™x=1/0-x"°)
dx dx
(xi) disec htx = =1/ %1 —x?) (xii) dicosec htx = —1/x,/ +x?)
X X

(6) Differentiation by inverse trigonometrical substitution: For trigonometrical
substitutions following formulae and substitution should be remembered

(i) sin*x+costx =7/2 (i) tan' x+cottx =7/2
(iii) sec ™ x +cosec *x =x/2 (iv) sintx +sinTty = sin‘l[x\/l—y2 J_ry\/l— xz}
-1 -1 -1 - 2 2 . -1 -1 1] XEy
(V) cos™ x £cosy =cos [xy+\/(1—x -y )J (vi) tan" xttan""y =tan L?xy}
(vii) 2sin~tx =sin(2xv1-x?) (viii) 2cos™ x =cost(2x? -1)
_ 2

(ix) 2tan* x = tan‘l( 2x 2): sin‘l( 2x ZJ =cos™* L X2

1-x 1+X 1+X
(x) 3sintx =sin*(3x —4x°) (xi) 3cosx =cost(4x® —3x)

J— 3 —

(xii) 3tan'x =tan™ 3x=x" (xiii) tan*x +tan "ty +tantz =tan* Xryrz=xyz

1-3x2 1-xy —yz - 2x
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132 Differentiation

(xiv) sin!(-x) = —sin* x (xv) cos '(=x)=7z —cos " x
(xvi) tan*(—x)=—tan'x or 7 —tan'x (xvii) Z—tantx = tan ‘1[1_—)(}
4 1+x
(7) Some suitable substitutions
S. N. Function Substitution S. N. Function Substitution
(1) m X =asind or acosé (ii) N X =atané or acotéd
(iii) m X =asecé or acoxcd | (iv) a—x X = acos 260
a+ X
() \/ﬂ x? =a?cos 20 (vi) N — x =asin? 6
a? +x?2
(vii) \/T x =atan? @ (viii) X x =asin® 6
a+ X a-—x
(ix) (x —a)(x —b) x =asec’d—btan? o (%) (x —a)b - x) X =acosZ @ +bsin? 6

3.3 Theorems for Differentiation
Let f(x), g(x)and u(x) be differentiable functions

(1) If at all points of a certain interval. f'(x)=0, then the function f(x) has a constant value
within this interval.

(2) Chain rule
(i) Case I: If y is a function of u and u is a function of x, then derivative of y with respect to

X is dy = dy du or y = f(u) :>d—y = f'(u)d—u
dx dudx dx dx
(ii) Case II : If y and x both are expressed in terms of t, y and x both are differentiable with

respect to t then gy = dy/dt .
dx dx/dt

(3) Sum and difference rule : Using linear property di(f(x)w_L ag(x)) = di(f(x))i di(g(x))
X X X

(4) Product rule : (i) i(f(x)g x)) = f(x)i g(x)+ g(x)i f(x) (ii)
dx dx dx

d dw du dv
—(UVW.)=UV.— +VW.— + UW.—

dx dx dx dx

(5) Scalar multiple rule : di(k f(x)) = kdi f(x)
X X

d d
9(x)——(f(x)) - f(x)——(a(x))
(6) Quotient rule : dd_x[;g;jz dx 00 dx , provided g(x) =0

Example: 5 The derivative of f(x)4 x|® at x =0 is [Rajasthan PET 2001; Haryana CEE 2002]

(a) o (b) 1 (c) -1 (d) Not defined
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3
Solution: (a) f(x):{"3 © %20 and f’(x):{SX
_X —_

3x2

f'(0")=f(0")=0
Example: 6

(a) 2 (b) -1

, x=0
, X<0

(c) -2+2"log, 2

Differentiation 133

The first derivative of the function (sin2xcos2xcos3x +log, 2**3) with respect to x at x = 7 is

(d) -2+log, 2

Solution: (b)  f(x) = sin2x.cos 2x.cos 3x + log, 2***, f(x) = %sin4x cos3x +(x +3)log, 2, f(x)= %[sin?x +sinx]+x+3

Differentiate w.r.t. x,

f'(x):%[?cos?x+cosx]+l, f'(x):%?cos?x +%cosx+1 , fx)=-2+1=-1.

Example: 7 If y < cosx| +| sinx| then L7 at x :2?” is
1-43 1
@ — (b) 0 © S63-1)
Solution: (c) Around x =2?”, | cos x| =—-cos X and| sin x| = sin x
: oo dy
. Yy =-C0SX+Ssinx .. == =sinXx +CoS X
dx
At x :2—”, d—y:sinz—”+c052—” = ﬁ,l:l(ﬁ,l)'
3 7 dx 3 3 2 2 2
Example: 8 If f(x)=1Ilog,(logx), then f'(x) at x =e is
CET 2002]
(a) e (b) 1/e () 1
log(log x) l—llog(log X) l—O
Solution: (b)  f(x)=log,(logx) = ——~ = f(x)=X2-2X_— = f(e)==
log x (log x)
Example: 9 If f(x)4 log x|, then for x =1, f'(x) equals
1 1 -1
(a) — (®) — (o —
X | x| X
! if0<x<1
—logx, if0 1 -
Solution: (d) f(x)4 Iogx|={ 09X, f . X<t f(x) = i‘
log x, ifx>1 2 ifx>1
X

Clearly f'l")=-1 and f'1")=1, ..

d ) 3/4
Example: 10 — Iog{ex[—] } equals to
dx X+2

x? +1
x> -4

(a) 1 (b)
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f'(x) does not exist at x =1

x2 —
2_

(9]

X

ucrvone €

1
4

(d) None of these

(d) None of these
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134 Differentiation

3/4 3/4
Solution: (¢) Lety = [mg{ex[x__zj }‘| =loge* + |Og[x__2j
X+2 X+2

3 dy 3[ 1 1 3
= y=x+—[log(x -2)—log(x +2)] > —=1+—| ——-— =1+—
y g o9~ 2= logx+ 21 = 4[x72 x+2} (x? -4)
2
:>9X:X -1
dx  x2-4
afy-x2 dy
Example: 11  If x=expitan | —— then d_ equals [MP PET 2002]
X X
(a) 2x[1+tan (log x)] + x sec 2 (log x) (b) x[1+tan (log x)] + sec ? (log x)
(c) 2x[1+tan(log x)]+ x 2 sec?(log x) (d) 2x[1 +tan (log x)] + sec ?(log x)
. Ly =x? afy-x?
Solution: (a) x=exp<tan — = log x = tan —
X X
2 2
=Y ——~=tan(log x) = y = x? tan(log x) + x* = d—y=2x.tan(log X)+x2 sectlogx) |,
X X
dy 2 dy 2
= — =2xtan(log x) + x sec “(log x) + 2x = —= = 2x[1 + tan(log x)] + x sec “(log x) .
Example: 12 If y =sec™ Jx+1 +sin7t E , then dy _ [UPSEAT 1999; AMU
JIx -1 JIx +1 dx
2002]
(a) o (b) ! (! (d) None of these
X +1
Solution: (a) y=sm4'J;+1 +sin™t x-1 =cos’1‘/;_1-|—sin’1 Vx-1 AN {vsm4x+cm’lx=£}
JIx -1 Ix +1 Ix +1 Ix+1) 2 7 dx 2
d ,{cosx—sinx} .
Example: 13 —tan | —— [AISSE 1985, 87; DSSE 1982, 84; MNR 1985; Karnataka CET 2002; Rajasthan PET
dx €OS X +Sin X
2002, 03]
@ —— ® — © 1 @ -1
2(1+x?) 1+x?
Solution: (d) itan‘1 gosx=sinx :itan‘1 tan| Z—x ||=-1.
dx COS X +Sin X dx 4
Example: 14 i{sin2 cot‘l{ /1_—XH equals [MP PET 2002; EAMCET
dx 1+x
1996]
1 1
(a) -1 (b) = (© -= (@1
2 2
. ) 1 1-x
Solution: (b) Let y=sin“ cot {1[—}
1+x
Put x=cosd=6=cos*x
= y=sin?cot™* 1200501 _ gin? cot*{ tan & :3y:ﬂ¥(z—gj=c%2£=-£a+c%9)=£a+x)
1+cosé@ 2 2 2 2 2 2
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a1
Cdx 2
If y=cos™ Scosx-12sinx , xe|0,Z|, then Y s equal to
13 2 dx
(a) 1 (b) -1 (c) o (d) None of these

Let cos a = % . Then sina = % . S0, y = cos *{cos ¢. cos x —sin . sin x}

oy =cosH{cos(x + @)} = x +a (v x+a isin the first or the second quadrant)

N
dx
d a .
& cosh™(sec x) = [Rajasthan PET 1997]
X
(a) sec x (b) sinx (c) tanx (d) cosecx
d g 1 d 4 1 Sec X tan x
We know that —cosh™ x = , — C0sh ™ (Sec X) = ————=-5ec xtan x =———— =sec X .
dx Yx?-1 X Vsec? x -1 tan x
d | tan? 2x —tan? x
—|| ———5 75— |cot 3x [AMU 2000]
dx [{1-tan® 2xtan® x
(a) tan2xtan x (b) tan3xtanx (c) sec?x (d) sec x tan x
2 _ 2 _
Let y= tan” 2x —tan " X = (tan2x —tanx) (tan 2x + tan x) =tan(2x — x)tan(2x + x) = tan xtan 3x.

1-tan?2xtan? x (1 +tan 2x tan x) (1 — tan 2x tan x)

i[y.cot 3x] = i[‘[an x]=sec?x.
dx d

X
x* —x7x
If f(x)=cot™ — , then f'(1) is equal to [Rajasthan PET 2000]
(a) -1 (b) 1 (c) log 2 (d) —log2
X =X
f(x) = cot * X=X
) ( .
2 f—
Put x* =tan@, .. y= f(x):cotl[w] = cot ' (—cot 20) = x —cot *(cot 20)
2tan @
-1 X dy -2 X ’
>y =7-20 =xg-2tan" (X)) => —= X L+logx) = f'Q)=-1.
dx 14 x2
If y=@0+X)L+x)A+Xx*).(1+x7") then j—z at x=0 is
(a) 1 (b) -1 (c) o (d) None of these
C@=X)A+x)A+xD).(1xT) 1-x2
1-x 1-x
_on+l 2™, g2t _on+l _
LY _ZZ 0 @o0elext o apx-o, ¥ 22 044170,
dx L-x) dx 12

If f(X)=cos x.cos 2x.cos 4X.cos 8x.cos 16x then f’[%} is
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136 Differentiation
(d) None of these

1
(@ V2 () —— (©) 1
J2
Solution: (a)  f(x)= 2sin X.cos X .Ccos 2x.(_:os 4X.c0S 8x.c0S 16X _ S|5n 3?2x
2sin x 2° sin x
)= 1 32cos32x sin X —cos X . sin 32x
' sin? x
32_L 1
(2 —2 & 7
4 1
32.| —=
&)

3.4 Relation between dy/dx and dx/dy
Let x and y be two variables connected by a relation of the form f(x,y)=0. Let Ax be a small

. . . dy Ay dx AX
change in x and let Ay be the corresponding change in y. Then vl AI)!rﬂo ™ and ay - AI)I/TOA_y
Now, ﬂ& = lim [Ay ij 1
AX Ay = w0 AX Ay
= Im ﬂ lim &_1 [AX>0<=AYy>0]= d_y dx _ =1. So, d_y= L .
dx dy dx dx/dy

Ax—0 AX Ayao Ay

3.5 Methods of Differentiation
: If y is expressed entirely in terms of x, then we

(1) Differentiation of implicit functions :
y=x>+x+ 1etc. If y is

say that y is an explicit function of x. For example y

= sin x, y = €
related to x but can not be conveniently expressed in the form of y = f(x) but can be expressed in

the form f(x,y)=0, then we say that y is an implicit function of x.

1) WMM mle 1 (a) Differentiate each term of f(x,y)=0 with respect to x.
(b) Collect the terms containing dy /dx on one side and the terms not involving dy/dx on the

other side.
(c) Express dy/dx as a function of x or y or both.

Woit : U In case of implicit differentiation, dy/dx may contain both x and y

of
(ii) WMMW 2 : If f(x, y)= constant, then dy (axj
)
oy
of of
where P and — are partial differential coefficients of f(x,y) with respect to x and y
X
respectively.

Get More Learning Materials Here : & m &N www.studentbro.in



Differentiation 137

@oﬁ : O Partial differential coefficient of f(x,y) with respect to x means the ordinary

differential coefficient of f(x,y) with respect to x keeping y constant.

Example: 21  If xe¥ =y+sin? x , then at x =0, :—z = [IIT 1996]

(a) -1 (b) -2 ()1 (d) 2
Solution: (c) We are given that xe® =y +sin x

When x=0,weget y=0

Differentiating both sides w.r.t. x, we get, e +xe Xy[x g—y + y} = g—y +25sin x cos X
X X
. dy
Putting, x=0, y=0, we get d—:l.
X
Example: 22 If sin(x+y)=log(x +y), then :_y = [Karnataka CET 1993; Rajasthan PET 1989, 1992;
X
Roorkee 2000]
(a) 2 (b) -2 () 1 (d) -1

Solution: (d) sin(x +y)=log(x +Y)

Differentiating with respect to x, cos(x +y) 1+d—y _ 1t 1+d—y
dx | x+y dx

{cos(x +y)— ! }[1+d—y}=0
X+Yy dx

cos(X +y) # L for any x and y. So, 1+d—y:0 s d_y:_l'
X+ dx dx
cos(X +Y)—
Trick: It is an implicit function, so d = orox _ Xty _ .

dx of [y cos(X +y)—

X+y
Example: 23 If In(x+y)=2xy, then y'(0)= [IIT Screening 2004]
() 1 (b) -1 (c) 2 (d) o
p— p— 2 —
Solution: (a) In(x+y)=2xy = M:Z(xd—y+y] = d_y:122xy—2y = y’(0)=u:l, at x =0, y=1.
(x+y) dx dx  2x°+2xy -1 -1

(2) Logarithmic differentiation : If differentiation of an expression or an equation is done
after taking log on both sides, then it is called logarithmic differentiation. This method is useful
for the function having following forms.

1) y =[f)P®

fl (X) . f2 (X) .........
01(X).95(X)........
differentiable

(ii) y= where g;(x)#0 (where i = 1, 2, 3,..... ), fi(x) and gi(x) both are

(i) case I : y=[f(x]*® where f(x) and g(x)are functions of x. To find the derivative of this

type of functions we proceed as follows:
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Let y = [f(x)]™. Taking logarithm of both the sides, we have log y = g(x).log f (x)

Differentiating with respect to x, we get 1dy _ =g(x).— ! df(x) og {f(x)}. dg(x)
y dx f(x) dx
Cdy _ g(x) df(x) dg() _ w)| 9(x) df(x) dg(X)
e y{ 00" dx —— +log[ f(x)]. } =[f(x)° L( X) dx —— +log[ f(x) }
fl(x)-fz(x)

(ii) Case Il : y =
N Y = 000.6,()

Taking logarithm of both the sides, we have log y = log[ f, (x)] + log[ f,(x)]—log[ g, (x)] - log[ g, (X)]

ldy _ i), () 9:1() _g2(x)
ydx  H0) 00 9,00 g2(0)

dy _ {f(x) f(x)_gi(x)_gj'z(x)}= fl(x).f2<x)[f;(x>+fﬂx)_g;(x)_g;(x)}

Differentiating with respect to x, we get —

dx ) BO) 6(X) 6] 9:(X).g, () () f(X) 9.(x) g,(x)
WM 2de : (a) To take logarithm of the function (b) To differentiate the function
Example: 24 If x™y" = 2(x +y)™", the value of g—i is [MP PET 2003]
(@) x+y (b) § © * (@ x-y

m-+n

Solution: (¢) xMy" =2(x +y)™" = mlog x +nlogy = log 2 + (m + n)log(x +y)

Differentiating w.r.t. x both sides
m+nd_yzm[1+d_y}3 dy _y

X ydx X+y dx dx  x
Example: 25 If y=(sinx)?"*, then j—y is equal to [IIT 1994; Rajasthan PET
X
1996]
(a) (sinx)®"* . (1+sec? x.log sin x) (b) tan x.(sin x)®"*  cos x
(c) (sinx)®"* . sec? x log sin x (d) tan x.(sinx)®"*?

Solution: (a) Given y = (sin x)?"*

logy =tan x.log sin x

Differentiating w.r.t. x, lj—y = tan x.cot x + log sin x . sec? x
y dx

:—y = (sin x)® *[1+ log sin x . sec? x].
X
(3) Differentiation of parametric functions : Sometimes x and y are given as functions of a

single variable, e.g., x = ¢ (t) , y = y (t) are two functions and t is a variable. In such a case x
and y are called parametric functions or parametric equations and t is called the parameter. To
find 4 in case of parametric functions, we first obtain the relationship between x and y by

dx
eliminating the parameter t and then we differentiate it with respect to x. But every time it is
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dy

not convenient to eliminate the parameter. Therefore ™ can also be obtained by the following
X
formula gy = dy /dt
dx dx/dt

To prove it, let Ax and Ay be the changes in x and y respectively corresponding to a small
change Atin t.

im &Y Y
. Ay Ay /At dy LAY a0 At dt . P
Since — = . oo 2L =lm2="22at _at -
AX AX At dx a0 A AXdx (D)
At—0 At dt
Example: 26 If x =a(cos @ +86sin0), y =a(sing — 6 cos 6),:—§ = [DCE 1999]
(a) cosé@ (b) tan@ (c) secd (d) cosecd

dy _dy/de@ _ afcos @-0(-sing)—cos 6] _ Ising _t

= = = =tan@g.
dx dx/d@ a[-sinfd+6cosP+sind] Hcos O

Solution: (b)

Example: 27 If cosx = ; and siny = _t , then d_y = [MP PET 1994]
1+t2 V1+t? dx
1-t 1
a) -1 b) —— c) —— d) 1
(a) ()1+t2 ()1+t2 (d)
. . _ 1 o, t
Solution: (d) Obviously x = cos ! __— _ and y =sin
1+t2 V1+t?
= x=tant and y=tan 't => y=x = g—y:l.
X
1-1t2 2t dy
Example: 28 If x= > and y = , then — = [Karnataka CET 2000]
1+t 1+t2 dx
- -X X
@ ~ ) L © = @ =
X X y y
Solution: (c) X = 1-t and y -2t
’ 1+t2 1+t2
_ 2
Put t=tan@d in both the equations, we get X:W=cos 20 and y:Lanf:sin 20.
l+tan“ @ l+tan“ @

Differentiating both the equations, we get g—); =-2sin20 and % =2c0s 26.

Therefore & _ _M =X,
adx sin 20 y

(4)Differentiation of infinite series : If y is given in the form of infinite series of x and we

have to find out :—y then we remove one or more terms, it does not affect the series

X

zyd—y=f’(x)+d—y, AN
dx d dx 2y-1
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)00
(ii) If y = fx) O then y = f(x)’

. logy =vylog f(x)

i 2¢r
R0 AR AL CI BT AR A At
y dx f(x) dx dx f(x)[1-ylog f(x)]
(iii) If y = f(x)+ ! then 9Y _ Y
1 dx 2y —1f(x)
fx)+—
f(xX)+....0
Example: 29 If y= \/x + \/x VX e, too then Z—i = [Rajasthan PET 2002]
X 2 -1 1
(a) 2y 1 (b) 1 (© 1 (d) 1

Solution: (d) yz\/x+\/x+\/x+ ........ 0o = y=Jx+y = y2=x+y = 2yd—y=1+d—y = g—y(Zy—l)zl = d_y:L
X

dx dx dx 2y-1
Example: 30 If y:xXx """ “, then x(@ -y log, x)g—y is [DCE 2000]
X
(a) x? (b) y? (c) xy? (d) None of these
Solution: () y=x*"" = y=x' = log,y=ylog, x = =% _Y 4109, x ¥ l—bgn<9¥=l =
y dx X dx y dx x
dy 2
x(L-ylog, x)— =
(L-yloge x)o =Y
Example: 31 If y=x%+ ! I , then Y _
X2 4 - dx
2
X5+ —
X"+ 0
2 X 2X
(a) —2 (b) (0 2 (@ —=;
2y — X Y+ X y—X 2+L
y
Solution: (a) y:x2+l =y =x¥y+1l = 2yd—y=y.2x+x2d—y = d_y:2_xy2
y dx dx dx  2y-x
Example: 32 If X=€‘y+ey+ ........ tooo then ((ji_y is
X
1+x 1 1-x X
(a) () — ()] (d
X X 1+x

Solution: (¢) x=e¥**

dy

Taking log both sides, logx =(y+x)loge =y+Xx = y+x =log X :>d—+1=l jd_y:l_ 1-x
X X

dx X X

(5) Differentiation of composite function : Suppose function is given in form of fog(x) or

flg(x)]
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Werdisng rule : Differentiate applying chain rule if =f' g
MM i i pplying chain ru ™ [9()] = f'la(x)].9'(x)

Example: 33

Solution: (b)

Example: 34

Solution: (¢)

If f(x)5 x—2| and g(x) = f(f(x)), then for x>20, g'(x) equals

(a) -1 (b) 1 (c) o (d) None of these
For x > 20, we have

fx)g x-2|]=x-2 and, g(x)=f(f(x))=f(x-2)=x-2-2=x-4
L gx)=1

If g is inverse of fand f'(x)= 1 1 then g'(x) equals
+

n )

(a) 1+x" (b) 1+[fCOT" (d) None of these

Since g is inverse of f. Therefore,

(¢) 1+[g)T"

fog(x) = x for all x = di{fog(x)} =1 for all x
X

1 1 1
= =
g(x)  1+[gI" g'(x)

= f(9()).g'() =1 = f{g(x)}= [ f(x) = 1+1Xn }

= g'()=1+[gx)I"

3.6 Differentiation of a Function with Respect to Another Function

In this section we will discuss derivative of a function with respect to another function. Let
u=f(x) and v=g(x) be two functions of x. Then, to find the derivative of f(x) w.r.t. g(x) i.e., to

find (;_u we use the following formula — =

\Y

du du/dx

dv  dv/dx

Thus, to find the derivative of f(x) w.r.t. g(x) we first differentiate both w.r.t. x and then
divide the derivative of f(x) w.r.t. x by the derivative of g(x) w.r.t. x.

Example: 35

1999, 2001]

Solution: (a)

Example: 36
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The differential coefficient of tan™

> W.I.L. sin”t >
- X 1+x

[Roorkee 1966; BIT Mesra 1996; Karnataka CET 1994; MP PET 1999; UPSEAT

(a) 1 (b) -1 (c) o (d) None of these

42X .
Let y, = tan ll—xz and y, =sin 11+x

2

Putting x = tané@

Ly, =tanttan 20 =20 =2tan' x and y, =sin'sin20 =2tan"" x

. dy, d ] 2 .
Again —=—[2tan" X]=—~ .. i
& dx dx[ ] 1+x2 ()
dy d ] 2 ..
and 22 =—[2tan"* x]=——+ ii
dx dx[ ] 1+ x2 ()
Hence %zl
dy,

V14X

2

The first derivative of the function [cos‘{sin ]+ xx} with respect to x at x =11is

ucrvone €
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142 Differentiation

3 1
(a) 7 (M) o () = (d) -5

Solution: (a) f(X):COS_l cos Z_ 1+x +x% 227 1+X X
2 V2 2 2

1 ! +x*(L+log x) = f’(l):—l+l=i

E'Z\/l-rx 4 4

LX) =—

3.7 Successive Differentiation or Higher Order Derivatives
(D Definition and notation : If y is a function of x and is differentiable with respect

to x, then its derivative g—y can be found which is known as derivative of first order. If the first

X

derivative d_y is also a differentiable. function, then it can be further differentiated with

dx

respect to x and this derivative is denoted by d?y/dx?which is called the second derivative of y
2

with respect to x further if d—gis also differentiable then its derivative is called third derivative

dx

3 n
of y which is denoted by j—Z Similarly n™ derivative of y is denoted by j X All these
X X

derivatives are called as successive derivative and this process is known as successive
differentiation. We also use the following symbols for the successive derivatives of y = f(x) :

11 n

Vi, Yar Yoo VY s vyt oy Y

d dy d% ddy d"y
Dy, D?y, Dd....... ,D"....... where D=— =2 =2 =2 . et
y y y y ( dX) X dx?’ dx? "

f'(x), f"(x), f"(X)y....... S Y09 I
If y = f(x), then the value of the n™ order derivative at x =a is usually denoted by

d" ) )
(dXZJ or (yn)x:a or (y )X:a or f (a.)

(2)n™ Derivatives of some standard functions :

1) (a) d sin(ax +b)=a" sin[n—7r +ax + bj (b) d cos(ax +b)=a" cos[n—” +ax + bj
dx" 2 dx" 2
s dn m m! n m-n
(ii) (@ax+hb)" = a'(ax+b)"™", where m >n
dx" (m—n)!
Particular cases :
(i) @) Whenm =n (ii) When a=1b=0, then y=x"
|
D"{(ax +b)"}=a".n! S D"(X™)=m(m -1)....... (M-n+1)x"™" = M’ ym-n
(m —n)!
(b) When m <n,D"{(ax+b)"}=0
(iii) Whena =1, b =0 and m = n, (iv) When m=-1y = !
(ax +hb)
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then y = x"
~D"(x")=n
d" D" *(h-1ra"
I b) =
(3) dx" oa(ax+b) (ax +b)"
(5) L) _ax(og a)"
dx

Differentiation 143

D"(y) = 2" (-1)(=2)(=3)........(-n)(@x + by 1"

=a' (-1)'"@.2.3....n)@x+b) " = @x 1 by
dn ax n ax
(4) ™ —-(E7)=a’'e
(6) (i) i # sin(bx +¢) = r"e® sin(bx + ¢ + ng)

where r = va? +b2;¢=tan‘19,
a

y =e® sin(bx +c)
e® cos(x +c)=r"e® cos(x +c +ng)
2 " 2 dzy dy .
Example: 37 If y=(x+\/1+x ) , then (1+x )d_2+xd_ is [AIEEE 2002]
X X
(a) n% (b) —-n%y © -y (d) 2x%
’ n
Solution: (a) y=(X+v1+x?)'= ——n(x+\/1+x y 1[1+ ] d_y 431+ x*) = (V1+x2 ) (x+\/l+x )
1+x Vi+x?
d? y dy X
— N1+x2+2 =n? 1+x
CE x [«/1+XZJ [ J
2
:>(1+x2).d)2/ —n(x+\/1+x ):>(1+x)—y —y—nzy
dx dx
q\n $N
Example: 38 If f(x)=x", then the value of f(l)—% %— 3|(1)+ ...... +LT(1) is [AIEEE 2003]
! ! n!
() 2" (b) 2" (o (@1
Solution: (¢) f(X)=x"=fl)=1, fX)=x"'= f1)=n
f'(x) =n(-1)x" 2 = f"Q) =n(n-1) .....
n _ 1\ N
) =ni=> @) =nl, - f1)— f(l) (11) ..... +Llf(1)
! n!
-1y ”(”‘1)—”(”_1)(”‘2)+ ..... Ly M ng, 2nC, 47C, —"Cy # o + (1) "C, =0 .
1 2! 3! n!
e
Iog(;) 3+2log x d"
Example: 39 If f(x)=tan™ < t+tan 2+200X ) then &Y is (n>1)
log(ex %) 1-6log x dx"
(a) tan’l{(log x)"} (b) o (c) 1/2 (d) None of these
2
Solution: (b) We have y =tan™ loge — log x + tan 1[Mj =tan 1(mjﬂan 1[M]
loge + log x 2 1-61log x 1+ 2log x 1-6log x
-1 -1 -1 =) -1 -1 dy d"y
=tan"1-tan"(2log x)+tan" 3+tan"(2log x) = y =tan"" 1+tan 3:>d—:0:>d ~=0.
X X
Example: 40 If f(x)=(cos x +isin x)(cos 3x +isin 3x)..... (cos(2n—1)x +isin(2n—-1)x), then f"(x) is equal to
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144 Differentiation

(a) n*f(x) (b) —n*f(x) (c) —n?f(x) (d) n*f(x)
Solution: (b) We have, f(x)=cos(X +3X +.... +(2n —1)X)+isiN(X + 3X +5X +.... +(2n —1)x) = cos n®x +isin n®x
= f'(x)=-n?(sinn®x)+n?(@cosn?x) = f"(x)=-n* cosn®x —n*isinn?x

= f"(x)=-n*(cosn®x +isinn?x) = f"(x) =-n*f(x)

3.8 nt! Derivative using Partial fractions

For finding n™ derivative of fractional expressions whose numerator and denominator are
rational algebraic expression, firstly we resolve them into partial fractions and then we find n*

derivative by using the formula giving the n'™ derivative of

ax+b
X4
Example: 41 If y=—; 12’ then for n > 2 the value of yn is equal to
x?-3x+
(a) D"nIM6(x —2)" —(x —1)™" ] (®) D"nM6(x —2) " +(x —1)™" 1]
(c) ni6(x —2)"* +(x —1)™"?] (d) None of these
4 p—
Solution: (a) y:zx—zx2 P4t X1 e g, L 16
X2 —3x+2 (x-D(x-2) x-1) (x-2)

¥y, =D"(x*)+D"(3x)+ D"(7)-D"[(x -1) ]+ 16 D"[(x - 2)*]

=ED"nI[x D)™ +16(x —2) "] = ((D)"nI6(x —2) "t —(x —1)"].

3.9 Differentiation of Determinants

a,(x) b;(x) a(x) bi(x)| fa(x) by(x)
a,(x) by (x) a,(x) by (X)| [az(x) by(x)

If we write A(x) =| C,C,C;|. Then A(x)4 C; C,C;| +| C, C}, C4| +| C, C, Cj|

Let A(x) = .Then A'(x) = +

Ry Ri| R |R
Similarly, if A(x)= |R,|, then A'(x)=[R,|+[Rs|+|R,
R3 Rs| |Rs| |Rs

Thus, to differentiate a determinant, we differentiate one row (or column) at a time, keeping
others unchanged.

Example: 42 If f (x),g,(x),h,(x),r =1,2,3 are polynomials in x such that f,(a)=g,(@=h,(@®),r=1,2,3 and

£ HX)  f(x)

F(xX)=19,(X) 9,(x) 95;(x), then find F'(x) at x=a [IIT 1985]
hy(x) hy(x) hg(x)

(a) o (b) f(a@g,@h;(@) () 1 (d) None of these

) f,x) (%)
Solution: (a) F'(X)=|g;(X) 9,(X) gz(x)+
h(x) hy(x) h3(x)

() 00 f3(x)
9:(X) 9,(x) g3(x)
hi(x) hy(x) hs(x)

9:(X) 9,(x) 9g3(x
hi(xX) hy(x) hs(x)

L) KK KK)
+
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@ f@ f@)
0:@ 9,@ 95
hy(@ hy@ h;(@)

h@ @ f@)
~ F@=0:.a 9,(@) gs@) +
hi (@ h,(@) hy(@@)

ﬁ@ f,(@) g@
0@ 9@ gs()
hy@ h,@ h;(@)

+

=.0+0+0=0 [+ f@=9g@=h(@),r=1223]
x® sinx cosx 4
Example: 43 Let f(x)=|6 -1 0 | where p is a constant. Then d_3[f(x)] at x=0 is [IIT 1997]
1 p? p’ X
(@ p (b) p + p? (c) p+p3 (d) Independent of p
x® sinx cosx
Solution: (d) Given f(x)=|6 -1 0|, 2™ and 3™ rows are constant, so only 1% row will take part in
1 p? p
differentiation
ixa isinx icosx
dx 3 dx ® dx ®
d? ¢
L —f(x)=
dx? ®= 6 -1 0
1 p’ p’
n n n
We know that d x" =nl, sin x = sin(x + n—”) and €OS X = CoS(X + n—7[)
dx " dx " 2 x " 2
. [ 371') [ 37rj
3! sinf x+—| cos| X +—
d 3 2 2
Using these results, — f(x)=| 6 -1 0
dx 2 3
1 p p
6 -1 0
d 3
— f(x) =6 -1 0| =o0i.e., independent of p.
dX at x=0 1 p2 p3

3.10 Differentiation of Integral Function
If g,(x)and g,(x) both functions are defined on [a, b] and differentiable at a point x € (a,b) and
f(t) is continuous for gl(a)s ft) < gz(b)

2(X d d
Then - [*"f(0dt = flg,(10500— Flg,(IGE () = FI9, (1000~ flg, () -9, 0.

XB
Example: 44 If F(x)=J.2 log tdt(x >0), then F'(x)= [MP PET 2001]
X

(a) ©Ox%—4x)log x (b) @x—9x2)log x (€) Ox? +4x)log x (d) None of these
Solution: (a) Applying formula we get F'(x) = (log x*)3x?2 —(log x?)2x

= (3log x)3x2 —2x(2log x) = 9x?logx —4xlogx = (9x2 —4x)log x .

y 2
Example: 45 If x= ;dt , then d_y is

0 1+4t2 dx*
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(a) 2y (b) 4y (o) 8y (d 6y
y 2 2
Solution: (b) X:I ! dt = d—X: ! = d—y:,/1+4y2 = d_)Z/: 4y d_y = d—};: 4y .,/1+4y2 =4y
0 J1+4t? dy  J1+4y? dx dx 1+4y? o dx® 1 4y2

3.11 Leibnitz’s Theorem

G.W. Leibnitz, a German mathematician gave a method for evaluating the nth differential
coefficient of the product of two functions. This method is known as Leibnitz’s theorem.

Statement of the theorem - If u and v are two functions of x such that their nth derivative
exist then D"(uv.)="C,(D"uyv +"C,D"u.Dv+"C,D"2u.D? +........... +"C,D""uD"V +......... +u.(D"V).

|/Vok : 0 The success in finding the nth derivative by this theorem lies in the proper

selection of first and second function. Here first function should be selected whose
nth derivative can be found by standard formulae. Second function should be such
that on successive differentiation, at some stage, it becomes zero so that we need
not to write further terms.

Example: 46 If y =x%*, then value of y, is
(a) {x?-2nx +n(n—-1}e* (B) {x2 +2nx +n(n—1)}e*

(c) {x2+2nx —n(n—1)}e* (d) None of these

Solution: (b) Applying Leibnitz’s theorem by taking x? as second function. We get, D"y = D"(e*.x?)

= "C,D"(€*)x? +"C, D"} (e*).D(x?)+"C,D"2(*).DZ (X 2) 4 s = eXx? +nex.2x+$ex.2+0+0+ ..........
y, ={x? +2nx +n(n-1)}e*.
Example: 47 If y=x?logx, then value of y, is
1\ 1(n _ )1 11 2y -1 9y
@y EV -3 vy V03, (o CB-0-2)! (d) None of these
X X X

Solution: (b) Applying Leibnitz’s theorem by taking X 2 as second function, we get, D"y = D"(log x.x 2)

"C,D"(log x).x? +"C,D"(log x).D(x?) +"C,D"?(log X)D?(X?) + .......... .

_ D0 x%+n, (—1)”’2n(rl 2! 5y =1 (_1)nii(2_ 5040

x" X" 2! X
D)= 201" -2)!  n(n-1)(-1)"*(n - 3)!
- Xn—2 + Xn—z + Xn—2

= —(_1).1:”(:_ N f0-D0-2)-200-2) +nn-Dy=. YOy
X
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